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Hensel
– . 2 (1 )
Puiseux PUi8eux ( )
$[\mathrm{M}\mathrm{c}\mathrm{d}95]_{\text{ }}$ – $\mathrm{K}\mathrm{u}\mathrm{o}\gamma \mathrm{u}\text{ }9$] $\mathrm{S}\mathrm{a}\bm{\mathrm{s}}\mathrm{a}\mathrm{k}\mathrm{i}- \mathrm{K}\mathrm{a}\mathrm{k}\mathrm{o}[\mathrm{S}\mathrm{K}99]$
Hensel Hensel
[SS96] $[\mathrm{n}\mathrm{a}05]_{\text{ }}$ [Iwa03, Iwa04]
[SK99] Hensel (Heoel
) . ( (1,1?..., 1))
Hensel
2 Hensel
$\ell$ 2 $x,$ $u_{1},$ $\ldots,\mathrm{u}\ell$ $x$ $u_{1},$ $\ldots,u\ell$ \tau $(u)=$
$(u_{1}, \ldots, u\ell)$
$e_{x},$ $\epsilon_{1},$ $\ldots$ , $\in \mathrm{N}$ $,$ $=(e_{1}, \ldots,e_{l})\in \mathrm{N}^{\ell}$
$u^{\epsilon_{u}}=u_{1}^{e_{1}}\cdots u_{\ell}^{\mathrm{e}\ell}$ $F(x,u)$ $(\ell+1)$ $\mathrm{C}[x, u_{1}, \ldots,up]=\mathrm{C}[x,u]$
$F(x,u)= \sum_{(\epsilon_{*},\epsilon_{u})^{C}(\mathrm{e}_{\mathrm{a}},\epsilon_{u})}x^{e_{*}}u^{\epsilon_{\mathrm{u}}}$ *F (support) $T(F)=\{x^{e_{*}}u^{*}|c_{(\epsilon_{*},\epsilon_{u})}\neq 0\}$ .
$F(x, u)$ $x$ $n$ $F(x, u)=f_{n}x^{n}+f_{n-1^{X^{n-1}}}+\cdots+f_{0}$ ( $\in \mathrm{C}[u]\rangle$
$F(x, u)cC[x, u]$ $x$ ( $f_{n}=1$).
$w=(w_{1}, \ldots,wp)\in \mathrm{N}_{0}^{\ell}(\mathrm{N}_{0}=\mathrm{N}\mathrm{U}\{0\})$ $F(x,u)$ .
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$t$ $e_{1}\in \mathrm{N}$
$e_{t}$ $F$ ( $e_{x}$ , et)-
$F$
$(n, 0)$ $(n, 0)$ Newton
Newton $e_{t}$ $(0, \mu)$ Newton ((\mu /n) +et)-
Newton $F_{\mathrm{N}\mathrm{e}\mathrm{w}}$ .





$\hat{\mu},\hat{n}\in \mathrm{N}$ \mu /n=\mu ^/ $\mathrm{g}\mathrm{c}\mathrm{d}(\hat{\mu},\hat{n})=1$ . $I_{k}\subset \mathrm{C}[u][x, t],$ $k\in \mathrm{N}$,
$I_{k}=(x^{n}t^{0},$ $x^{n-1}t^{\mu/n},$ $\ldots,x^{0}t^{\mu}\rangle \mathrm{x}\langle t^{k\hslash}\rangle$
$\ovalbox{\tt\small REJECT}_{\epsilon \mathrm{w}}$
$\{$
$F_{\mathrm{N}\mathrm{e}\mathrm{w}}(x, \mathrm{u})=G_{1}^{(0\rangle}(x, u)\cdots G_{f}^{(0)}(x,u)$ $(r\geq 2)$
$\mathrm{g}\mathrm{c}\mathrm{d}(G_{\dot{*}}^{(0)}, G_{j}^{(0)}).=1$ $(^{\forall}i\neq j)$
(1)
($r=1$ $F_{\mathrm{N}\text{ }\mathrm{w}}(x, u)=[G_{1}^{(0)}(x, \mathrm{u})|^{m}$
[SIOO] ) $r\geq 2$ $G_{1}^{(0)},$
$\ldots,$
$G_{r}^{(0)}$
Euchd Wl(j), ..., WJ
$\{$
$W_{1}^{(l)} \frac{F_{\mathrm{N}\mathrm{e}\mathrm{w}}(x,\mathrm{u})}{G_{1}^{(0)}(x,u)}+\cdots+W_{r}^{(l)}\frac{F_{\mathrm{N}\mathrm{e}\mathrm{w}}(x,\mathrm{u})}{G_{f}^{(0)}(x,u)}=x^{\iota}$ $(l<n)$





$\mathrm{M}\mathrm{o}s\mathrm{e}s-\mathrm{Y}\mathrm{u}\mathrm{n}$ Moees-Yun New n
16
Moses-Yun $F(x, u)$ $G_{1}^{(k\rangle},$ $\ldots,$ $G_{f}^{(k)}$ $k=0\Rightarrow 1\Rightarrow 2\Rightarrow\cdots$
$\delta F^{(k)}\equiv F-G_{1}^{(k-1)}\cdots G_{f}^{(k-1)}$ (mod $I_{k+1}$ ) (3)
k
$\delta F^{(k)}=\delta f_{n-1}^{(k)}x^{n-1}+$ $\cdots+\delta f_{0}^{(k)}x^{0}$ (4)
$G_{\}^{k)}$
$G^{(k+1)}. \cdot=G_{:}^{(k\rangle}+\sum_{l=0}^{n-1}\delta f_{l}^{(k)}W_{1}^{(l)}$ $(i=1, \ldots,r)$ (5)
Mosae-YUn
$G_{1}^{(k)}(x, u)\cdots G_{r}^{(k)}(x, u)\equiv F(x,u)$ (mod $I_{k+1}$ ) (6)
$karrow\infty$
$G_{1}^{(\infty)}(x,u)\cdots G_{f}^{(\infty)}(x,u)=F(x, u)$ (7)








$\tilde{w}=(1,2,3)$ Newton $\tilde{F}_{\mathrm{N}\mathrm{o}\mathrm{o}}=x^{2}-u_{1}^{2}=(x+u_{1})\cross(x-u_{1})$ $F_{\mathrm{N}\epsilon \mathrm{w}}$
$\tilde{G}_{1}^{(0)}=x+u_{1},\tilde{G}_{2}^{(0)}=x-u\iota$ Hensel
$k=1,2$ Hensel $k=3$
$G_{1}^{(3)}=x+u_{1}-u_{2}u\mathrm{s}/2u_{1}$ , $G_{2}^{(3)}=x-u_{1}+u_{2}\mathrm{u}\mathrm{a}/2u_{1}$ (8)
$\tilde{G}^{(1^{3\rangle}}=x+u_{1}-u_{2}^{2}/2u_{1}$ , $\tilde{G}_{2}^{(3)}=x-u_{1}+u_{2}^{2}/2u_{1}$
$G_{i}^{(k)}\neq\tilde{G}_{i}^{(k)}$ . $3\leq k<\infty$ $k=\infty$
$G!^{\infty\rangle}.=\tilde{G}!^{\infty)}.=x+(-1)^{(:+1)}u_{1}(1+(1/2)S-(1/8)S^{2}+\cdots)$ $(S=(u_{2}^{2}+u_{2}us)/u_{1}^{2})$




1. Newton $F_{\mathrm{N}\text{ }\mathrm{w}}$ ]F\tilde N$\circ$w Heoel $G|^{\text{ } }\tilde{G}_{i}^{(k)}$
$(i=1, \ldots,r)$ $F_{\mathrm{N}\text{ }\mathrm{w}}=\tilde{F}_{\mathrm{N}\text{ }\mathrm{w}}$ $G_{1}^{(0)}.=\tilde{G}_{i}^{(0)}$ , $G!^{\infty)}.=\tilde{G}_{i}^{(\infty)}$ $\blacksquare$








Newton – [MR88] Gr\"obner
JZig95]
$F(x,u)\in \mathbb{C}[x, u]$ $F(x,u)= \sum_{(*,\epsilon_{\mathrm{u}})^{C}(*,\epsilon_{u})^{x^{\epsilon}\cdot u^{\epsilon_{u}}}}$ $E(F)=$
$\{(e_{x}, e_{u})|\mathrm{c}_{(\epsilon_{\Phi},*)}‘\neq 0\}\subset \mathrm{N}^{(p+1)}$ $F(x, u)$ Newton Newton$(F):=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}(E(F))$
Newton$(F)=Q$ $v\in \mathrm{R}^{(\ell+1)}$ $\mathrm{f}\mathrm{a}\mathrm{o}\mathrm{e}_{v}(Q):=\{q\in Q|v\cdot q\geq$
$v\cdot q’(^{\forall}q’\in Q)\}$ $Q$ $v$ face $\mathrm{f}\mathrm{a}\mathrm{c}\mathrm{e}_{\text{ }}R=fce_{v}(Q)$
$N_{Q}(R)=\{v’\in \mathrm{R}^{(\ell+1)}|\mathrm{f}\mathrm{a}\mathrm{o}\mathrm{e}_{v’}(Q)=R\}$ $R$ (normal cone)
e $v$ . Newton$(F)$
faoe
face
1. $F(x, u)\in \mathbb{C}[x,u|,$ $Q=\mathrm{N}\mathrm{e}\mathrm{w}\mathrm{t}\mathrm{o}\mathrm{n}(F)$ $w=(w_{1},w_{2}, \ldots,w\ell)$
$v=-(\mu/n,w_{1},w_{2}, \ldots,w\ell)$ . $F(x,u)$ $w$ $F_{\mathrm{N}\mathrm{e}\mathrm{W}}$ $\mathrm{f}\mathrm{a}\mathrm{c}\mathrm{e}_{v}(Q)$















4. $F(x, u,v)=x^{2}+u^{2}x-u^{2}-2uv-v^{2}$ $w=(1,2)$ Newton





$\tilde{w}=(1,1)$ Newton Hensel Moses-Yun $\tilde{F}_{\mathrm{N}\epsilon \mathrm{w}},\tilde{G}_{i}^{(k)},\tilde{W}_{i}^{(l\rangle}$ .
Newton $\tilde{F}_{\mathrm{N}\text{ }\mathrm{w}}=x^{2}-u^{2}-2uv-v^{2}=(x-u-v)\mathrm{x}(x+u+v)$ .










$\tilde{w}$ $w$ Hensel $w$ Newton
$\mathrm{M}\mathrm{o}\mathrm{s}\varpi \mathrm{Y}\mathrm{u}\mathrm{n}$ Hensel $F_{\mathrm{N}\mathrm{e}\mathrm{w}},$ $W_{1}^{(l)},$ $G!^{k)}$. $\tilde{w}$ $\tilde{F}_{\mathrm{N}\epsilon \mathrm{w}},\tilde{W}_{1}^{(l)},\tilde{G}_{i}^{(k)}$
$T(F_{\mathrm{N}\mathrm{e}\mathrm{w}})\subset T(\tilde{F}_{\mathrm{N}\mathrm{e}\mathrm{w}})$ $T(F_{\mathrm{N}\mathrm{e}\mathrm{w}})\supset T(\tilde{F}_{\mathrm{N}\epsilon \mathrm{W}})$ (12)
Hensel Newton Moees-Yun .
Newton $\tilde{F}_{\mathrm{N}\text{ }\mathrm{w}}$ $F_{\mathrm{N}\text{ }\mathrm{w}}$ (12) $\tilde{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}=F_{\mathrm{N}\mathrm{c}\mathrm{w}}+H$
$F_{\mathrm{N}\epsilon \mathrm{w}}$






Moses-Yun [SIK05] Moses-Yun $W_{i}^{(0\rangle}$ $G!^{0)}$. $F_{\mathrm{N}\text{ }\mathrm{w}}/G_{\dot{\iota}}^{(0)}$
$\mathrm{r}\mathrm{e}\mathrm{s}(G_{i}^{(0)}, F_{\mathrm{N}\text{ }\mathrm{w}}/G_{j}^{(0)})$ Newton
$\mathrm{r}\mathrm{e}\mathrm{s}(\tilde{G}^{(0)}.\cdot,\tilde{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}/\tilde{G}_{i}^{(0)})=\mathrm{r}e\mathrm{s}(G_{i}^{(0\rangle}-\vdash H_{1}, F_{\mathrm{N}\mathrm{e}\mathrm{w}}/G_{\dot{\iota}}^{(0)}+H_{1}’)=\mathrm{r}\mathrm{e}\mathrm{s}(G_{1}^{(0)}., F_{\mathrm{N}\mathrm{e}\mathrm{w}}/G_{1}^{(0)}.)+H_{1}$ (13)
$\mathrm{r}\mathrm{a}\mathrm{e}(\tilde{G}_{i}^{(0)},\tilde{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}/\tilde{G}_{1}^{(0)}.)$ $\tilde{W}_{1}^{(\ell)}$ $\hat{H}_{i}$ $W_{1}^{(\ell)}$
$\tilde{W}_{1}^{(l)}=W_{1}^{(l)}T_{1}^{(l\rangle}$ ($T_{1}^{(l)}\in \mathbb{C}\{(u)\}[x]$ : ) (14)
w Hensel
$\tilde{G}_{i}^{(\infty)}=\tilde{G}_{1}^{(0)}.+\sum_{k}\sum_{l}\delta\tilde{f_{l}}^{(k)}\tilde{W}_{i}^{(1)}\Rightarrow G_{i}^{(\infty)}=G_{i}^{(0)}+H_{i}+\sum_{k}\sum_{l}\delta\hat{f}_{l}^{(k)}W_{i}^{(1)}T_{1}^{(\mathrm{t})}$ (15)
$\hat{f_{l}}^{(k)}$ $F(x, u)$ (14)










Hensel : $=1$ $k=3$
$\tilde{G}_{1}^{(3)}=x-u-v+\frac{u^{2}}{2}-\frac{u^{4}}{8(u+v)}=\tilde{G}_{1}^{(2)}-\frac{u^{4}}{4}\overline{W}_{1}^{(0)}$
(17)
$\tilde{G}_{1}^{(3)}\Rightarrow x-u-v+\frac{u^{2}}{2}+(-\frac{u^{3}}{8}+\frac{u^{2}v}{8}$ –. . . $)$
. – , $w$ 3 Hensel $(k=3)$
$G_{1}^{(3)}=x$ -.. $-..+ \frac{u^{2}}{2}-\frac{u^{3}}{8}$
$\tilde{G}_{1}^{(3)}\text{ }$
$G_{1}^{(4)}=x-u-v+ \frac{u^{2}}{2}-\frac{u^{3}}{8}+\frac{u^{2}v}{8}$






Hensel k, P<\infty $\tilde{G}_{i}^{(k)}\Rightarrow G_{i}^{(k’)}$
$\tilde{G}_{1}^{(\infty)}$. $G_{1}^{(\infty)}$.
2. Newton $F_{\mathrm{N}\epsilon \mathrm{w}}$ $G_{i}^{(0)}$ Newton $\tilde{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}$ $\tilde{G}_{i}^{(0)}$
$T(F_{\mathrm{N}\text{ }\mathrm{w}})\subset T(\tilde{F}_{\mathrm{N}\text{ }\mathrm{w}})$ $T(F_{\mathrm{N}\epsilon \mathrm{w}})\supset T(\tilde{F}_{\mathrm{N}\mathrm{e}\mathrm{w}})$ – $\tilde{G}_{1}^{(\infty)}$.
$G_{1}^{(\infty)}$. $\blacksquare$
Hensel
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